Progress in a number of areas of technology has made printed circuit motors a serious contender for many applications. Modern cost effective neodymium magnets have
Introduction
The first printed circuit board motors, proposed more than four decades ago, were brushed DC motors [1, 2] . Progress in power electronics and the availability of low cost permanent magnets have led to the development of brushless printed circuit motors.
These motors have some unique advantages such as high efficiency, zero cogging torque [3, 4] and reduced acoustic noise [5] . They allow design flexibility and are relatively easy to manufacture. For example a change in dimensions of a printed circuit stator can be accommodated without any major alterations to production equipment and processes.
Printed circuit motors are relatively small axial field motors and they are used in applications such as computer hard disk drives [3, 4] . Printed spiral coils are particularly suited to motors of such low dimensions. Some designers have adopted spirals with rhomboidal turns to avoid crowding at the inner radius of the substrate [3] . Others have aimed to fill the available substrate area completely and have adopted spirals with active sections running parallel with each other [6] . There is very little published work on justification for the use of particular coil geometries. In this paper, detailed analysis of the spirally shaped printed circuit coil is presented. The aim is to provide the printed circuit motor designer with a tool that will help maximize torque output for given motor dimensions.
Three coil shapes are considered. These are spirals with purely radial active sections, spirals with active sections running parallel with each other and spirals with each active section having a radial part and a parallel part. Throughout the paper, the term 'parallel' used in relation to track sections means parallel with the radial line that separates two adjacent coils. Equations are derived relating the number of turns (N), the substrate inner radius (R i ), the substrate outer radius (R o ), the track width (w) and the clearance between tracks (c). To produce the printed stators, the tracks are plotted with the help of algorithms that maximizes the effectiveness of the coil. Theoretical predictions of EMF constants and EMF waveforms are presented in section 3 of the paper. The predictions are based on realistic flux distributions obtained from finite element analysis. Extensive tests on six prototype motors were carried out to validate the theory on which the proposed design techniques are based. A comparison between theoretical predictions and test results are presented in section 4. A general design algorithm based on the track plotting procedure and the EMF prediction technique is presented in section 5.
2.

Analysis of Coil Geometries
Consider a section of the substrate as shown in figure 1 . The simplest coil is made up of a spiral pair located on neighboring layers. The spirals are joined by a via located at their common centre. As shown in figure 1 , current enters the coil from a terminal on the outer radius side of the substrate. It flows inwards, towards the coil center, through the tracks of one of the spirals, continues through the via at the centre of the spiral and then flows outwards, away from the coil center, through the tracks of the second spiral.
In general each turn of a coil may be considered to be made up of four sections. Two of those are non-active arc-shaped end-sections, one on the outer radius side and one on the inner radius side. The other two sections are active. The length of some of the arcshaped inner end-sections may degenerate to zero for low values of R i /R o . To maximize the effectiveness of a coil with a given track width, its number of turns, average active length per turn and overall pitch factor must be maximized. The maximum EMF per unit length is obtained if the active conductor runs along a radial line. However, the number of turns can be severely affected if R i /R o is small and the active sections are constrained to be radial. For this reason purely radial coils are not given any further consideration.
Parallel active sections are preferable although this leads to longer inactive sections.
Coils with active sections which are partly parallel and partly radial are investigated because they offer the possibility of reduced total conductor length while maintaining performance in terms of EMF per unit speed or torque per unit current. Expressions are now derived for the maximum number of turns.
In figure 2 point X is at the centre of the coil and lies somewhere along the radial line which is the axis of symmetry of the coil. Proper placement of point X is required if a coil with maximum number of turns (N) is to be achieved. In general for given values of track width (w) and inter-track clearance (c), the number of turns is limited by (R o -R x ) or XP or (R x -R i ). If X is placed too far towards the outer edge of the substrate, N is reduced because it becomes restricted by the smaller value of (R o -R x ). Similarly, if X is placed too far towards the inner edge of the substrate, N is again reduced because it becomes restricted either by the smaller value of XP or by the smaller value of (R x -R i ). Based on the preceding arguments, it can be concluded that there is a position for X that results in the maximum number of turns. For small values of R i /R o , the number of turns is maximized if:
where N s = number of spirals per layer 
For a prescribed track width, equation (3) or (5) is to be used to determine N which has to be an integer. The equation can then be used again, with N fixed at its integer value, to readjust the tract width to a higher value.
An example of a spiral coil with mixed track sections is shown in figure 3 . Only the mid-track line is shown. A strategy has been adopted that maximizes the lengths of radial sections of the track subject to meeting minimum clearance requirements between tracks. This is achieved by keeping the track sections parallel on the inner radius side of arc XQ whose radius is defined by equation (1) or equation (2) . Arc XQ is shown in figure 4 . On the outer side of arc XQ, track sections are radial.
3.
Predicting Coil EMFs Back EMF per phase is an important measure of performance for a motor. The back EMF waveform allows deduction of the motor's torque capability and its torque quality. Prediction of back EMF waveforms requires knowledge of the flux density distribution.
Depending on the level of accuracy required, this can be determined analytically or numerically. The machines being considered in this paper have relatively complex coil and magnetic circuit geometries and parts of the rotor iron may saturate magnetically.
Consequently it is not possible to arrive at analytical expressions that will allow prediction of rotational EMF with better than ten per-cent accuracy. Therefore there is a need to rely on numerical methods. The adopted numerical techniques are presented in section 3.2.
In spite of its limited accuracy, an analytical technique can be valuable to those who have to shortlist design configurations that deserve detailed analysis. An equation is suggested in section 3.1 that can be used to evaluate the rotational EMF to a first approximation.
In both sections 3.1 and 3.2 it has been assumed that the number of rotor poles (P) is equal to the number of spirals (N s ) per printed circuit layer. It is possible to construct three phase motors with N s not equal to P, but such motors are not considered in this paper. Every stator under consideration was made up of three sets of printed layers circumferentially displaced from each other by 120 electrical degrees. An exploded view of one of the prototype motors is given in figure 5 . All motors that were constructed are of the central stator dual rotor type.
Approximate Analytical Modeling
The major simplifying assumptions that had to be made to arrive at an analytical expression for rotational EMF are: 
It has been assumed that the airgap flux density varies sinusoidally in the angular direction. This is a reasonable assumption because the effect of higher harmonics is significantly reduced as a result of the coils being distributed and short-pitched.
An approximate technique for determination of axial dimensions can be based on equations (8) and (9). As shown in figure 7, finite element modeling was carried out using FEMLAB®.
Motors from 4 to 12 poles with dual rotor and central stator construction were considered. Existence of axial and circumferential symmetry meant that only half a pole pitch of one rotor had to be modeled. 
Experimental Verifications
Six motors were built to validate the coil design and EMF prediction procedures that have been proposed. Details of the motors are given in table 1. All motors have an outer radius of 25 mm, a rotor iron thickness of 4 mm, a magnet thickness of 4mm, a nominal track width of 1 mm and a track clearance of 0.3 mm.
EMF Waveforms
A set of EMF waveforms for one of the prototype motors is shown in figure 9 . For all six test motors, there is very good agreement between the predicted and measured waveforms. RMS values of the waveforms are given in table 1. The sine wave approximation for the EMF waveform is well-justified since the total harmonic distortion is less than 2%.
As expected, the EMF waveform of the middle phase within the stator stack has slightly lower magnitude than the outer phases. The difference is typically less than 3.5% and does not represent any significant problem to motor performance. EMF predictions by the first order model in section 3.1 are within ten percent of those based on finite element.
Thermal Considerations
Both from the point of view of stator temperature rise and from the point of view of efficiency a reduction of printed circuit coil resistance is desirable. However a reduction in phase resistance should not be at the expense of an excessive reduction in EMF. An objective assessment of different strategies to reduce phase resistance may be based on the value of
where P l is the allowable stator power loss per phase. The term
is proportional to the torque capability of the motor. The constant of proportionality depends on the shape of the phase current which would be sinusoidal for synchronous motor mode of operation or quasi-square for brushless DC mode of operation. Comparison of the torque capabilities of different motors using the single
is justified if armature reaction is neglected. Since the motors being considered have ironless stators, armature reaction is negligible. In the case of the prototype motors peak flux density due to rated stator current was less than 5 mT compared to the peak airgap flux density which was typically more than 0.5 T.
Allowable stator power loss can be estimated by thermal modeling or stator temperature rise test or both. For the prototype motors it was found by both thermal modeling and by test that, to keep substrate temperature rise below the acceptable level of 65°C, P l has to be kept below 2.3 W. From the thermal investigations it was found that the temperature difference between the middle substrate and the exposed stator surface was less than 8°C. Table 1 provides
values for the six prototype motors, with P l assumed to be 2.3 W.
There are a number of opportunities to reduce phase resistance. The use of mixed track is one which is covered in section 4.3 and illustrated in table 1. Another opportunity, which is not apparent in table 1, arises because the number of turns (N) when calculated using the equations in section 2 is usually not an integer. The actual number of turns adopted is the next lower integer. Some substrate area is left and, as suggested in section 2.1, can be reallocated to increase track width to reduce resistance. This area could be substantial when N is low and in such cases phase resistance reduction could be very significant.
Parallel Track Sections versus Mixed Track Sections
As shown in table 1 and in figure 10 the main advantage of coils with mixed track sections is lower phase resistance without substantially sacrificing the magnitude of rotational EMF. As expected, of the motors being considered, the four pole motors benefit the most from coils with mixed track sections because they have the highest effective curvature and therefore the highest ratio of non-active to active conductor length. 
Number of Poles
Predictions and test results shown in table 1 and in figure 10 suggest that benefits of higher EMF and lower phase resistance are possible if the number of poles is carefully chosen. There are two major factors affecting the magnitude of the phase EMF. These are the magnitude of the air-gap flux density and the total number of turns. Since the circumferential gap between magnets, measured in electrical degrees, was kept the same irrespective of the number of poles, there is increased leakage between neighbouring magnets as the number of poles goes up. The consequence, as can be seen in table 1, is a decrease in the axial component of air-gap flux density with higher pole numbers. The number of turns and the skew factor both go up with number of poles. The combination of those factors results in the existence of an optimal value for the number of poles. As shown if figure 10, in the case of the prototype motors being considered, the optimum number of poles is eight.
Design Optimisation
The experimentally validated EMF evaluation method and the suggested track plotting procedure can form the basis for a design optimization algorithm for printed circuit motors. In the example that follows, the design objective would be to maximize torque output capability subject to a number of constraints which are listed in Table 2 .
The torque developed by the printed circuit motor is proportional to the product of the airgap flux density and the stator current. At one extreme, if the entire available axial length was allocated to the field system, torque will be zero because there would be no room left for the stator and stator current will be zero. The other extreme would be if the entire available axial length was allocated to the stator, excitation would be zero and again torque production would be zero because the field flux density would be zero. As the axial length allocated to the magnet and rotor iron is increased from zero, the output torque will rise to a maximum and then fall and reaches zero again when no room is left for the stator. The aim of the algorithm is to find this maximum.
For a given maximum stator power loss P l , a lower phase resistance, achievable with a higher value of t s , signifies a higher allowable stator current. Magnet axial thickness t m and phase resistance R may be considered to be independent variables under the control of the designer. Design optimization means identifying the (t m ,R) pair that results in highest torque capability.
A design requirement is for the back EMF per unit speed to be within tight limits. The algorithm consists of the following steps:
(a) Set t m equal to its minimum allowable value.
(b) Make an initial estimate for t i by simultaneous solution of equations (9) and (10).
(c) Use finite element analysis to obtain the flux density distribution and, if necessary, repeat the FEM analysis with t i re-adjusted until the peak flux density in the rotor iron is close to B s .
(d) Use equation (9) to calculate t s .
(e) For the copper foil being considered, calculate the maximum value of N using equation (3) or (5).
(f) For each integer value of N between 1 and its maximum value, calculate if the constraints in Table 2 (i) Repeat steps (a) to (h) for all candidate copper foil thicknesses (j) Read the graph from step (g) to obtain the maximum torque capability.
The graphical output from step (g) is shown in figure 11.
6.
Conclusions
A track plotting procedure has been developed for the design of coils in printed circuit brushless motors. The procedure maximizes the number of turns in the printed spiral shaped coil for given values of substrate inner radius, substrate outer radius, minimum track thickness and inter-track clearance. Active sections of the tracks may be purely radial, parallel with each other or may be partly radial and partly parallel. Computer programs, that implement the procedure, automatically produce track plots which can be used directly by the printed circuit production process.
By combining the track plotting procedure with the finite element method, a technique has been developed to predict rotational EMF waveforms of printed circuit motors. The technique, which has been validated by experimental results from six different prototype motors, has been used for printed circuit motor design optimization. 
